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1.
1.1. $E$ $\emptyset\neq \mathcal{I}\subseteq 2^{E}$ $E$
$M=(E,\mathcal{I})$ $\mathcal{I}$ 2
(1) $\mathcal{I}$ ( )
$X\subseteq I\in \mathcal{I}\Rightarrow X\in \mathcal{I}$
(2) (Steinitz Exchange Property)
$X\in 2^{E}$ $\mathcal{I}^{(X)}:=\{I\in \mathcal{I}|I\subseteq X\}$
1.2. $\Lambda I=(E,\mathcal{I})$ $\mathcal{I}$ $\Lambda I$
$\mathcal{B}$
1.3. $M=(E, \mathcal{I})$ $\rho$ : $2^{E}arrow Z_{\geq 0}$
$\rho(X)$ $:= nuaxB\in B|X\cap B|=\max I\in \mathcal{T}|X\cap I|=I\mathcal{T},I\subseteq X\max_{\in}|I|$ .
$\mathcal{I}=\{X\in 2^{E}|\rho(X)=|X|\}$
1( : ).
$\rho$ : $2^{E}arrow Z_{\geq 0}$ $\rho$ 3
(RGO) $X\in 2^{E}$ $0\leq\rho(X)\leq|X|$ .
(RGl) $X\subseteq Y\Rightarrow\rho(X)\leq\rho(Y)$ .
(RGS) (Global Submodularity)
$X,$ $Y\in 2^{E}$ $\rho(X)+\rho(Y)\geq\rho(X\cap Y)+\rho(X\cup Y)$ .
2( : ).
$\rho$ : $2^{E}arrow Z_{\geq 0}$ $\rho$ 3
29
(RLO) $\rho(\emptyset)$ $- 0$ .
(RLl) $X\in 2^{E}$ $\epsilon-\in E$ $\rho(X)\leq\rho(X\cup\{t^{j}\})\leq\rho(X)+1$ .
(RLS) (Local Submodulaiity)




2.1. $E$ $\emptyset\neq \mathcal{F}\subseteq 2^{E}$ $E$
$\mathcal{F}$
$\mathfrak{c}$onstructible $\lambda’\in \mathcal{F}\backslash \{\emptyset\}$ $e\in X$
$X\backslash \{e\}\in \mathcal{F}$ $\mathcal{F}$ $X$ $\mathcal{F}$ $X\cup\{e\}\in \mathcal{F}$




2.2. $E$ $\rho$) $\neq \mathcal{F}\subseteq 2^{E}$ constructible $E$
$\mathcal{F}$
$\rho$ : $2^{E}arrow Z_{\geq 0}$
$\rho(X)$ $:=InaxB\in C|X\cap B|=\iota_{F\in F}\iota 1ax|X\cap F|$
3. constructible $E$ $\mathcal{F}$ $\rho$ : $2^{E}arrow Z_{\geq 0}$
(0) $\rho(\emptyset)=0$.
(1) (Unit-increasing Property)
$X\subseteq Y\Rightarrow\rho(X)\leq\rho(Y)\leq p(X)+|Y\backslash X|$ .
2.3. $E$ $\{\emptyset, E\}\subseteq \mathcal{H}\subseteq 2^{E}$ 1 $\emptyset\neq \mathcal{I}\subseteq 2^{E}$





$H\in \mathcal{H}$ $l\in \mathcal{I}^{(H)}:=\{I\in \mathcal{I}|I\subseteq H\}$
$|I|=p(H)$
(2) $H\in \mathcal{H}$ $\mathcal{I}^{(H)}:=\{I\in \mathcal{I}|I\subseteq H\}$
2.2. $\mathcal{H}$-
$\bullet$
: $\mathcal{I}\subseteq 2^{E}$ : $\mathcal{H}$- $w$ : $Earrow \mathbb{R}$




: $\Gamma(J):=\{e\in E\backslash J|J\cup\{e\}\in \mathcal{I}, uf(e)>0\}\neq\emptyset$
$e\in\Gamma(J)$ $Jarrow J\cup\{e\}$ .
$\Gamma(J)=\emptyset$
: $J$
4([1]). $E$ $\{\emptyset, E\}\subseteq \mathcal{H}\subseteq 2^{E}$ 1 $\mathcal{I}\subseteq 2^{E}$ $\mathcal{H}-$
$ilI=(E,\mathcal{I})$ $\mathcal{H}$ -
$\mathcal{H}$ -feasible $w$ : $Earrow \mathbb{R}$
$w$ : $Earrow \mathbb{R}$
$\mathcal{H}$ -feasible $a\in \mathbb{R}$ $m^{f}(a):=\{e\in E|w(e)\geq a\}\in \mathcal{H}$
2.3. $\mathcal{H}$-
5. $E=\{1,2,3\}$ $\mathcal{H}=\{\emptyset, E\}$
$\mathcal{I}_{1}$ $=$ $\{\emptyset, \{2\}, \{1,2\}, \{2,3\}\}$ ,
$=$ $\{\emptyset, \{1\}, \{3\}, \{1,2\}, \{2,3\}\}$ ,
$\mathcal{I}_{3}$ $=$ $\{\emptyset, \{1\}, \{2\}, \{3\}, \{1,2\}, \{2,3\}\}$
4
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$(E, \mathcal{I}_{i})(i=1,2,3)$ $\mathcal{H}$ -
$\rho$ : $2^{E}arrow \mathbb{R}$
$\rho(\emptyset)=0,$ $\rho(\{1\})=1,$ $\rho(\{2\})=1,$ $p(\{3\})=1$ ,
$\rho(\{1,2\})=2,$ $\rho(\{2,3\})=1,$ $\rho(\{1,3\})=2,$ $\rho(\{1,2,3\})=2$
3. $\mathcal{H}$-
3.1. $\mathcal{H}$-
3.1. $E$ $\{\emptyset, E\}\subseteq \mathcal{H}\subseteq 2^{E}$ 1 $\emptyset\neq \mathcal{I}\subseteq 2^{E}$
$E$ $M=(E, \mathcal{I})$ $\mathcal{H}$-
$\mathcal{I}$ 2
(1) $\mathcal{I}$ $(X \subseteq I\in \mathcal{I}\Rightarrow X\in \mathcal{I})$
(2) $(E, \mathcal{I})$ $\mathcal{H}$ -
3.2. $\mathcal{H}$-
6(YS). $E$ $\{\emptyset, E\}\subseteq \mathcal{H}\subseteq 2^{E}$
$\rho$ : $2^{E}arrow Z$
$rho$ $\mathcal{H}$- $\rho$
(0) $\rho(\emptyset)=0$.
(1) $X\subseteq]^{\nearrow}\Rightarrow\rho(X)\leq\rho(I^{\nearrow})\leq p(X)+|Y\backslash X|$ .
(2) ( $\mathcal{H}$-Extension Property)
$H\in \mathcal{H}$ $X\subseteq H$ $\rho(X)=|X|<p(H)$





4.1. $E$ $\{\emptyset, E\}\subseteq \mathcal{H}\subseteq 2^{E}$ $\mathcal{H}$ $E$
$\mathcal{H}$ 2
(1) $X,$ $Y\in \mathcal{H}\Rightarrow X\cap Y\in \mathcal{H}$ .
(2) $\mathcal{H}$ $\emptyset=H_{0}\subsetneq H_{1}\subsetneq\cdots\subsetneq H_{n}=E$ $n$ $|E|$




(2) $\mathcal{I}\subseteq \mathcal{H}$ .
(3) $(E,\mathcal{I})$ $\mathcal{H}$ -
4.2.
4.3. $M=(E, \mathcal{H};\mathcal{I})$ $\rho$ : $\mathcal{H}arrow Z_{\geq 0}$
$\rho(X)$ $:= \max I\in \mathcal{T}|X\cap I|$ .
. $p$ $2^{E}$ $\mathcal{H}$
$\mathcal{I}=\{X\in \mathcal{H}|p(X)=|X|\}$
7([21). $p$ : $\mathcal{H}arrow Z_{\geq 0}$
(RGO) $X\in \mathcal{H}$ $0\leq\rho(X)\leq|X|$ .




$X\cup J’\in \mathcal{H}$ $X.1^{7}/\in \mathcal{H}$
$p(X)+\rho(Y)\geq p(X\cap Y)+p(X\cup Y)$ .
8 ([2]). $\rho$ : $\mathcal{H}arrow Z_{\geq 0}$
(RLO) $\rho(\emptyset)=0$.
(RLl) $X\cup\{e\}\in \mathcal{H}$ $X\in \mathcal{H}$ $e\in E$
$\rho(X)\leq\rho(X\cup\{e\})\leq\rho(X)+1$ .
(RLS) (Local Submodulaiity)
$X\cup\{e_{1}\}\in \mathcal{H}$ $X\cup\{e_{2}\}\in \mathcal{H}$ $X\cup\{e_{1}, e_{2}\}\in \mathcal{H}$
$X\in 2^{E}$
$e_{1},$ $e_{2}\in E$
$\rho(X)=\rho(X\cup\{\epsilon_{1}’\})=\rho(X\cup\{e_{2}\}$ $\rho(X)=\rho(X\cup\{e_{1}, e_{2}\})$ $\square$
$(RGO)$ $($RG $1)$ $(RGS)$ $(RLO)$ $(RL1)$ (RLS)
9. $E=\{1,2,3,4\}$ $\mathcal{H}=\{\emptyset,$ $\{1\},$ $\{2\},$ $\{3\},$ $\{4\},$ $\{1,2\},$ $\{2,3\},$ $\{3,4\},$ $\{1,2,3\},$ $\{2,3,4\}$ ,
{1, 2, 3, 4} $\}$ $(E, \mathcal{H})$ $\rho$ : $\mathcal{H}arrow \mathbb{R}$
$\rho(\emptyset)=0,$ $\rho(\{1\})=1,$ $\rho(\{2\})=1,$ $p(\{3\})=1,$ $\rho(\{4\})=1$ ,
$\rho(\{1,2\})=2,$ $\rho(\{2,3\})=1,$ $\rho(\{3,4\})=2$ ,
$\rho(\{1,2,3\})=2,$ $\rho(\{2,3,4\})=2,$ $p(\{1,2,3_{2}4\})=3$
$\rho$ : $\mathcal{H}arrow \mathbb{R}$ $(RGO)$ $($ RG $1)$ $(RGS)$ $(RLO)$ $($RL $1)$
(RLS)
$\mathcal{I}=\{X\in \mathcal{H}|p(X)=|X|\}=\{\emptyset,$ $\{1\},$ $\{2\},$ $\{3\},$ $\{4\},$ $\{1,2\},$ $\{3,4\}\}$
$(E, \mathcal{H};\mathcal{I})$ $\square$
10 ([31). $\rho$ : $\mathcal{H}arrow Z_{\geq 0}$
(RLE) (Local Extension Property)
$X\subseteq Y$ $X,$ $Y\in \mathcal{H}$ $\rho(X)=|X|<\rho(Y)$
$e\in]^{f}\backslash X$ $X\cup\{e\}\in \mathcal{H}$ $\rho(X\cup\{e\})=\rho(X)+1$ o
(RGE) (Global Extension Property)
$X\subseteq Y$ $X,$ $1^{r}\in \mathcal{H}$ $p(X)=|X|<\rho(Y)$
$Z\in \mathcal{H}$ $X\subsetneq Z\subseteq]’$$’\rho(Z)=|Z|=\rho(Y)$
7
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11 ([3]). $E$ $\mathcal{H}$ $E$ $\rho$ : $\mathcal{H}arrow Z\geq 0$ $\mathcal{H}$
(1) $\rho$
(2) $\rho$ $($ RLO$)$ $(RL1)$ (RGE)
(3) $\rho$ $(RLO)$ $(RL1)$ (RLE)
(4) $\rho$ $($RGO$)$ $(RG1)$ $(RGS)$ (RLE)
. $(RGO)$ $(RG1)$ (RLE)
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